We give a simple model in C 2 of the 0-surgery along a fibered knot of a closed 3-manifold M to yield a mapping torusM . This model allows explicit relations between pseudoholomorphic curves in R × M and in R ×M . We then use it to compute the cylindrical contact homology of open books resulting from a positive Dehn twist on a torus with boundary.
Introduction
In this note all 3-manifolds are closed and orientable, all contact structures are coorientable and all surfaces are oriented. Given a surface Σ a diffeomorphism φ ∈ Diff + (Σ) we denote by
the mapping torus associated to φ. Throughout this paper we assume that a symplectic structure ω on Σ is given, φ ∈ Symp(Σ, ω) and φ = id near ∂Σ.
It is a basic fact in topology that a canonical 0-surgery along (every connected component of) the binding of an open book M yields a mapping torusM . Now with the correspondence between contact structures and open books established by Thurston and Winkelnkemper [22] and Giroux [10, 11] , it is expected that a "nice" description of the said 0-surgery will benefit the study of contact manifolds and symplectic manifolds.
For example, Eliashberg [7] showed that this surgery can be done symplectically, namely the two manifolds can be included as the boundary of a symplectic cobordism of which the symplectic structure satisfies some boundary conditions pertaining to the given open book and mapping torus. His result leads to the equivalence between the (weakly) semi-symplectic fillability and the (weakly) symplectic fillability of contact manifolds, and provides applications to Kronheimer and Mrowka's Property P as well as Ozsváth and Szabó's Heegaard Floer homology theory. See also [5, 16] . Now, both M andM have a natural symplectization R × M and R ×M on which one can define holomorphic curve invariants with similar setups. On R × M we have contact homology first constructed by Eliashberg and Hofer [6, 8] to provide Gromov-Floer type invariants for contact manifolds. On R ×M there is Hutchings and Sullivan's periodic Floer homology for symplectic maps [15] , which is a generalization of Seidel's symplectic Floer homology [20] .
Here we are interested in the contact homology of contact 3-manifolds, which is in general very difficult to compute. To provide an access for computing and studying contact homology, it is then desirable to find a model demonstrating that the 0-surgery can be done holomorphically -at least in some reasonable sense, allowing an explicit correspondence between moduli of pseudoholomorphic curves and hence, a comparison of pseudoholomorphic curve theories on the two symplectic manifolds.
Indeed, such a model does exist and is very simple. Assume the binding B of M is connected for simplicity. Let N B denote a small tubular neighborhood of B. LetN B :=M \ (M \ N B ).N B is a tubular neighborhood of an orbitê corresponding to an elliptic fixed point of the monodromy of the mapping torusM .
Let C 2 be the standard complex plane. We will prove the following In particular, with appropriate almost complex structures on R × M and R ×M given, Theorem 1.1 implies Lemma 1.1. Let C ⊂ R × M be a pseudoholomorphic cylinder bounding Reeb orbits γ ± at ±∞, with γ ± not equal to any multiple of B. Suppose that C intersects with R × B at s points with intersection multiplicities m 1 , ..., m s ∈ N, then C lifts, via the canonical 0-surgery along B, to a (2 + s)-punctured pseudoholomorphic sphere in R ×M . Moreover, the extra i th puncture converge to the m th i iterate ofê at −∞. Let (M, ξ) be the contact 3-manifold associated to the open book (Σ, φ), where Σ is a punctured torus and the monodromy φ is a positive σ-Dehn twist along an embedded nonseparating circle of Σ. We have H 1 (M, Z) = Z σ ⊕ Z. The holomorphic 0-surgery model enables us to relate certain holomorphic cylinders in R × M to Taubes's trice-punctured spheres [21] (see also [15] ), and by using Bourgeois's Morse-Bott version of contact homology We obtain the following Note that when the positive Dehn twist is simple (σ = 1), the open book is S 1 × S 2 with the unique (up to isotopy) Stein-fillable contact structure, of which the cylindrical contact has been computed in [24] via subcritical contact handle attaching. However, for σ ≥ 2 the contact manifold is Steinfillable but not subcritical Stein-fillable, nor an S 1 -bundle over a closed surface (the contact homology of S 1 -bundles have been computed, see [8] [1]). Our results here provide first examples of cylindrical contact homology via nontrivial (i.e. monodromy = id) open books. We hope that the holomorphic 0-surgery model will lead to more examples of (cylindrical) contact homology of open books as well as new results in contact topology. This paper is organized as follows. Section 2 consists of some background on cylindrical contact homology, contact structures associated to open books, 0-surgery and mapping tori. In Section 3 we construct in C 2 a holomorphic model of a 0-surgery and verify Theorem 1.1 and Lemma 1.1. The computation of the cylindrical contact homology of a positive Dehn twist is done in Section 4.
Background

Cylindrical contact homology
Contact forms. A 1-form α ∈ Ω 1 (M ) (dim M = 3) is said to be contact if α ∧ dα is nowhere vanishing. The kernel ξ := ker α is called a contact structure. We say α and hence ξ are positive if α ∧ dα is a volume form of the oriented manifold M . In this paper all contact 1-forms considered are positive.
Reeb orbits. There associates to α a unique vector field R = R α called Reeb vector field, which is defined by dα(R, ·) = 0, α(R) = 1.
A periodic integral trajectory of R is called a Reeb orbit (of α). We call γ simple if γ is not a nontrivial multiple cover of another Reeb orbit. 
The flow R t of R preserves ξ. Thus the linearized Reeb flow R t * , when restricted on γ, defines a path of symplectic maps
Linearized Poincaré return map. When γ is a Reeb orbit with action T , Λ γ := Λ γ (T ) is called the linearized Poincaré return map along γ. It is well-known that generic contact 1-forms are regular (see [2] ).
Definition 2.3 (good orbit).
A Reeb orbit is said to be bad (see Section 1.2 of [8] ) if it is an even multiple of another Reeb orbit whose linearized Poincaré return map has the property that the total multiplicity of its eigenvalues from the interval (−1, 0) is odd. A Reeb orbit is good if it is not bad. Notation 2.2. We denote by P α the set of all good Reeb orbits of α.
A mod 2 index. Assume that α is regular. Then for any Reeb orbit γ, a Z 2 -indexμ(γ, Z 2 ) is defined:
µ-index. Since dα| ξ is a symplectic 2-form, the first Chern class c 1 (ξ) ∈ H 2 (M, Z) is defined. For the sake of simplicity we assume in this paper that c 1 (ξ) = 0 on H 2 (M, Z). Then the Conley-Zehnder index µ(γ) of a homologously trivial Reeb orbit γ is well-defined ( [19] [18]).
Definition 2.4. The reduced Conley-Zehnder index is defined to bē
When γ is homologously trivial,
Almost complex structures. Following Eliashberg, Givental and Hofer [6] [8] one can define Gormov-Floer type invariant called contact homology for (M, ξ) by counting in the symplectic manifold (called the symplectization of (M, α)) (R × M, d(e t α)) pseudoholomorphic curves bounding Reeb orbits at ±∞. The almost complex structure J involved is α-admissible, i.e.,
J preserves ξ;
2. J| ξ is dα-compatible, i.e., dα(v, Jv) > 0 for all 0 = v ∈ ξ and dα(v, w) = dα(Jv, Jw) for all v, w ∈ ξ;
Pseudoholomorphic cylinders and planes. Fix a pair (α, J) with α regular and J an α-admissible almost complex structure on R × M . Given two good Reeb orbits γ − and γ + we denote by M(γ − , γ + ) the moduli space of maps (ũ, j) where 1. j is an almost complex structure on S 2 (here we identify S 2 ;
2. letṠ 2 := S 2 \{0, ∞}, thenũ = (a, u) : (Ṡ 2 , j) → (R×M, J) is a proper map and is (j, J)-holomorphic, i.e.,ũ satisfies dũ
3.ũ is asymptotically cylindrical over γ − at the negative end of R × M at the puncture 0 ∈ S 2 ; andũ is asymptotically cylindrical over γ + at the positive end of R × M at the puncture ∞ ∈ S 2 ;
and f fixes all punctures.
For a contractible Reeb orbit γ The moduli space M(γ) of pseudoholomorphic planes bounding γ at ∞ is defined in a similar fashion.
For generic α-admissible J, M(γ − , γ + ) and M(γ), if not empty, are smooth manifolds on which R acts freely by translation. If both γ ± are homologously trivial then (see [8] 
In particular, if dim M(γ − , γ + ) = 1 then M(γ − , γ + )/R is compact 0-dimensional, hence a finite number of points. For contractible γ we have
Energy. Ifũ = (a, u) ∈ M(γ − , γ + ) (or M(γ)) then u * dα ≥ 0 pointwise, and vanishes at most at finitely many points. We define the contact energy E(ũ) ofũ to be
Note that E(ũ) = 0 iff γ − = γ + , and in this case the moduli space consists of a single element R × γ + . Forũ = (a, u) ∈ M(γ) the contact energy is defined similarly:
Contact complex. The contact complex C(α) is the free module over Q generated by all elements of P α the set of all good Reeb orbits.
Boundary operator ∂. For a Reeb orbit γ we denote by κ γ its multiplicity. Similarly we denote by κ C the multiplicity of a pseudoholomorphic curve C in R × M .
The boundary operator ∂ of the contact complex C(α) is defined by (see [7] [2] but for a different coefficient ring)
The ± sign in (8) depends on the orientation of C ∈ M(γ ′ , γ)/R (see Section 4.5).
Definition 2.5. Suppose that ∂ 2 = 0. Then the cylindrical contact homology of (M, ξ, α, J) is defined to be HC(M, ξ, α, J) := ker ∂/im∂.
Remark 2.1. In contact homology [8] one defines the boundary operator d = Contractible subcomplex. Let C o (α) denote the subcomplex generated by all good contractible Reeb orbits. Recall that we assume c 1 (ξ) = 0 on H 2 (M, Z), henceμ-index is well-defined for all contractible Reeb orbits. Thus C o (α) is graded byμ. We denote by C o k (α) ⊂ C o (α) the subcomplex generated by all elements of C o (α) withμ = k.
is independent of the contact form α, the almost complex structure J; it depends only on the isotopy class of the contact structure ξ.
Open book, contact structure and mapping torus
Open book. The pair (Σ, φ) is said to be an open book representation of a 3-manifold M if M can be expressed as
where Two open books are said to be equivalent up to positive stabilizations if they become equal after applied with finitely many positive stabilizations.
With positive stabilizations we may assume that B is connected [10] .
Associated contact structure. The work of Thurston and Winkelnkemper [22] and Giroux [10] established the following important bijection:
Here we sketch the construction of a contact 1-form associated to an open book (see [10] ). For an open book (Σ, φ) with a connected binding B, we fix an area form ω = dβ on Σ. Isotope φ if necessary we may assume that φ * ω = ω. Then associate to (Σ, φ) a contact 1-form α such that
• dα restricts to an area form on every page, dα = ω on each fiber of Σ φ , and
• α = dp + r 2 dt near the binding B, where p parametrizes B ∼ = S 1 , (r, t) are the polar coordinates of the D 2 factor of B × D 2 .
In particular, on Σ φ we can define α to be
Then α is contact on Σ φ provided that K is a large enough constant. where Extension of dα overM . The 2-formω canonically extends to a 2-form onΣφ which we still denote byω. The differential dα| Σ φ extends to a closed 2-formτ onM such thatτ pulls back toω on each fiber ofπ. Suchτ can be expressed asτ =ω + η t ∧ dt, where t ∈ S 1 = R/Z is the coordinate of the base S 1 , η = η t is a family of closed 1-forms onΣ satisfyingφ * η 0 = η 1 .
Orbits. The horizontal distribution kerτ is generated by the vector field
with∂ t ⊂ kerω,π * (∂ t ) = ∂ t , and X η ⊂ kerπ * is the t-dependent symplectic vector field defined by the equation
Remark 2.4. Similar to Remark 2.2,R-orbits correspond to periodic points of someφ ′ ∈ Symp(M ,ω) symplectically isotopic toφ.
Remark 2.5. The 2-formτ is the canonical extension ofω ∈ Ω 2 (Σ) over Σφ ′ ∼ =Σφ corresponding to the monodromyφ ′ .
Periodic Floer homology. Based on the idea of Seidel [20] , Hutchings and Sullivan [15] defined Periodic Floer homology forφ ′ ∈ Symp(Σ,ω) by counting in the symplectic manifold
pseudoholomorphic curves converging to periodic trajectories ofR at s = ±∞. The relevant almost complex structureĴ will be A motivation. Now that each of (M, ξ) andM has its own theory based on counting holomorphic curves, and these two theories have some very similar ingredients, namely periodic trajectories and almost complex structures. In fact we can have R = fR and J =Ĵ on Σ φ .
So if we would like to compute (cylindrical) contact homology of (M, ξ), and since in doing so we need to know how to count holomorphic curves converging to B m or intersecting with R × B, it helps to know how such curves correspond toĴ-holomorphic curves in R ×M , if such a correspondence does exist. Moreover, One can use the correspondence to compare the two holomorphic curve theories, exploring the relation between contact homology theory and mapping class groups.
Our goal in the next section is to establish a holomorphic 0-surgery model that allows a direct comparison of holomorphic curves before and after the surgery.
A holomorphic 0-surgery model
In this section we construct a holomorphic model of the canonical 0-surgery along the binding of an open book. It is no news that one can describe a 0-surgery in C 2 . The novelty here is to do it carefully enough and to find a nice vector field Y whose flow (i) preserves the standard complex structure J o on C 2 , and (ii) embeds the two symplectizations into C 2 nicely so that J o is their common almost complex structure (see Lemma 3.3) . This is done in Sections 3.1-3.3. Lemma 3.4 and 3.5 in Section 3.4 describe how punctured holomorphic discs in C 2 are perceived in each symplectizations. Corollary 3.2 in particular will be used to determine the boundary operator (see Section 4.3). In Section 3.5 it is confirmed that correspondences between holomorphic curves in the local model extend straight forwardly to correspondence between pseudoholomorphic curves in R × M and R ×M .
A contact solid torus in C 2
Let C 2 := {(z 1 , z 2 ) | z 1 , z 2 ∈ C} be the complex plane with the standard complex structure J o . Write z j = r j e iθ j .
Consider on C 2 the smooth function
Let ǫ > 0 be a constant and define
N is diffeomorphic to
Fact 3.1. The 1-form λ is a contact on N , its contact structure and Reeb vector field are
Then ζ is the maximal complex subbundle of the tangent bundle of N . (N, ζ) will be a model of a tubular neighborhood of the binding. Note that all trajectories of R λ are periodic. We would like to perturb λ, but keeping ζ intact, so that the resulting Reeb vector field has only one simple periodic orbit namely, γ := {r 1 = 1} ∩ N with orientation given by −∂ θ 1 . Proof. Let h = h(r 2 ) ∈ C ∞ (N ) then the Reeb vector field of λ ′ := e −h λ is
where Z h ⊂ ζ is the unique vector field satisfying
A straightforward calculation yields
Then
Fix a positive constant c and solve for h satisfying the initial value problem
2 ), and
Let
is an open book representation of N with pages diffeomorphic to an annulus. The monodromy ψ, which is the time 1 map of the flow of 1 c R λ ′ , is isotopic to the identity map.
Corollary 3.1. The 2-form dλ ′ is θ 2 -independent and is symplectic when restricted to any page of π N . Let ω denote the restriction of dλ ′ to a page. Then ψ * ω = ω.
The following lemma shows that the binding γ and its positive iterates γ m are elliptic (see (2) ). This result will be used in Section 4.2.
Lemma 3.2. Let R λ ′ be as in (10) Proof. Note that
Let ζ := ker λ ′ . Since ζ| γ = span(∂ x 2 , ∂ y 2 ), then with respect to the ordered basis {∂ x 2 , ∂ y 2 },
Since the action of γ m is 2mπ, the linearized Poincaré return map of the flow of
Recall the small constant ǫ > 0 and
On N we apply the canonical 0-surgery along γ to get a new manifold
satisfying the following conditions:
Note thatN is a solid torus diffeomorphic to
denote the projection onto the θ 2 -coordinate. πN givesN the structure of a disc bundle over S 1 θ 2 . The vector field X = −∂ θ 1 + c∂ θ 2 is tangent toN and transversal to the fibers of πN . Together πN and X induce onN the structure of a mapping torus of a disc with monodromyψ induced by the time 1 map of the flow of 1 c X.
Let Ω :
. Ω is the standard symplectic 2-form on C 2 . Ω is invariant under the flow of X and pulls back to a symplectic 2-form on every page of πN (as well as on every fiber of π N :
).ψ is symplectic with respect to this pulled back 2-form, and is isotopic to the identity map.ψ has only one fixed point, which corresponds to the simple loopγ
Two overlapping symplectizations in C 2
Recall the vector field
Let Y t , t ∈ R, denote the flow of Y . Note that Y t also preserves the values ρ := r c 1 r 2 , θ 1 and θ 2 . The integral trajectories of
Recall from Lemma 3.1 the contact 1-form λ ′ on N . The contact struc-
With the above understood we can embed the symplectization
where Y t N is the image of N under the time t map of the flow of Y . In particular the vector field ∂ t of R × N ǫ is identified with Y . Let
Observe that J o is Y -invariant hence is a λ ′ -admissible almost complex structure on R × N ∼ = W . Likewise, we can also embed the "symplectization" R ×N into C 2 via the flow of Y by identifying {t} ×N with Y tN , ∀t ∈ R.
Now the vector field ∂ t of R ×N is identified with Y as well. Let
Again, J o is Y -invariant and Ω-compatible. 
Holomorphic maps into R × N and R ×N
Recall that the binding of N is the Reeb orbit
The 0-surgery along γ has the effect of replacing the open book N by the mapping torusN , and the binding γ by the orbit
With the notations
we have
The union of both is then contained in the set
Let U ⊂ C be an open disc containing the point z = 0. Denote U * := U \ {0}. We are interested in J o -holomorphic maps
satisfying Condition 3.1. f (z) converges to a positive multiple of either γ orγ at either t = ∞ or t = −∞ as z → 0.
Recall that Y t preserves the value r c 1 r 2 , so two points (z 1 , z 2 ), (z ′ 1 , z ′ 2 ) in C 2 are projected by Y t to the same point either in N or inN only if
Hence for j = 1, 2, either f j can be holomorphically extended over z = 0 or f j has a pole of finite order at z = 0. Since
Remark 3.1. Often we will take c ∈ R + \ Q to be arbitrarily large, then (18) eventually implies that n 1 ≥ 0 (when c → ∞).
The sign of n 1 (resp. n 2 ) determines how f is perceived from the point of view of N (resp.N ).
Lemma 3.4. View f as a J o -holomorphic map into the symplectization R × N . Then we have the following conclusions depending on the sign of n 1 .
2. n 1 = 0. f can be holomorphically extended over z = 0. f (U ) intersects transversally and positively with C * z 1 . The intersection multiplicity is n 2 .
By interchanging n 1 and n 2 we get similar conclusion from the perspective ofN . 1. n 2 > 0. f (z) converges toγ n 2 at t = −∞ asymptotically as z → 0.
2. n 2 = 0. f can be holomorphically extended over z = 0. f (U ) intersects transversally and positively with C * z 2 . The intersection multiplicity is n 1 .
When computing contact homology of an open book, one needs to take into account holomorphic curves intersecting with the holomorphic cylinder R × B, where B is the binding of the open book. In our local model here, R×B is identified with R×γ = C * z 1 . The following corollary, as a special case of Lemma 1.1, states that, in our local model, how such curves correspond to curves in R ×N .
Corollary 3.2.
There is a one-one correspondence between pseudoholomorphic discs in R×N that intersect with R×γ at one point with winding number n 2 > 0 and pseudoholomorphic half-cylinders in R ×N that converges toγ n 2 at t = −∞.
From local to global
Recall the mapping torus M = Σ φ ∪ id B ×D 2 , where B ×D 2 is diffeomorphic to a solid torus S 1 × D 2 . Let p be the angular coordinate of B ∼ = R/2πZ and (r, θ) the polar coordinates of D 2 = {r < ǫ}.
Recall N ⊂ C 2 from (9) as well as the contact 1-form λ ′ and its Reeb vector field R λ ′ from Section 3.1. The diffeomorphism Φ :
induces on B × D 2 the contact 1-form Φ * λ ′ which can be extended over Σ φ to be a contact 1-form α on M whose contact structure ξ is supported by the open book (Σ, φ).
With B × D 2 identified with N , the mapping torusM obtained by a 0-surgery along B can be identified witĥ
is the closed Riemann surface obtained by gluing along ∂Σ ∼ = S 1 a 2-disc withφ| Σ = φ andφ = id onΣ \ Σ. The Reeb vector field R α induces a vector fieldR onM such thatR| Σ φ = R α andR|N = X|N .
With the diffeomorphism Φ, the common almost complex structure J o of R × N and R ×N extends over Σ φ as an α-admissible almost complex structure. The holomorphic curve correspondence between R×N and R×N now extends over R×M and R×M straightforwardly. In particular, Lemma 3.4 and Lemma 3.5 together imply Lemma 1.1.
Cylindrical contact homology of a Dehn twist
We define the Dehn twist in Section 4.1 and show in Section 4.2 that, on the corresponding open book M , the Reeb orbits come in three different types (Proposition 4.2). Holomorphic cylinders are studied in Section 4.3. It is shown that under various topological and dimensional constraints, the cylindrical contact homology is defined for M , and there are only a handful of types of holomorphic cylinders to be counted. Lemma 4.15 gives a complete classification (up to sign) of 1-dimensional moduli of holomorphic cylinders, either intersecting with the binding or not. An energy estimate is calculated in Section 4.4 to help understand the coherent orientation of the moduli and hence the signs involved in the boundary operator of the cylindrical contact homology HC(M, ξ) (Section 4.5). We complete the computation of HC(M, ξ) in Section 4.6, the result is summarized in Theorem 1.2.
Dehn twist
Let Σ := T 2 \ D 2 be a 2-torus with a disc removed. Let Γ ⊂ Σ be an embed-
We also use coordinates (q, p) near ∂Σ so that ∂Σ = {q = const} and dq ∧ dp is an area form near ∂Σ. We fix a symplectic 2-from ω on Σ so that
Fix a natural number σ ∈ N and let φ ∈ Symp(Σ, ω) denote a σ-Dehn twist supported on U ⊃ Γ such that
The mapping torus U φ can be described topologically as follows: Let T 2 = R/Z × R/Z be a torus parametrized by (p, t) and let [p], [t] be the corresponding generators of π 1 (T 2 ). Take two thickened tori [q − , q o ] × T 2 and [q o , q + ] × T 2 and glue them together by using the map g τ :
with respect to the coordinates (p, t). Then as elements of
Proof. Consider the homotopy H :
Contact 1-form and Reeb orbits
Let M denote the 3-manifold represented by the open book (Σ, φ) as defined in Section 4.1 and let B denote the binding. In this section we will construct an explicit contact 1-form α associated to the open book (Σ, φ) and classify its Reeb orbits.
Constructing α. Let β ∈ Ω 1 (Σ) be a primitive of ω such that β = qdp on U and near ∂Σ. We have φ * β − β = −qf ′ (q)dq. Define
with K ∈ C ∞ (Σ) to be specified in Condition 4.1 below. It is easy to see that α is contact if K is a positive constant large enough. Note that α = β + Kdt away from the Dehn twisted regions. If K is a constant then the Reeb vector field R on the mapping torus Σ φ is R = (∂ t −qf ′ ∂ p )/(K −q 2 f ′ ). On U ×[0, 1] the flow of R takes a point (q, p) at t = 0 to the point (q, p − qf ′ (q)) at t = 1, then φ identifies (q, p − qf ′ (q)) at t = 1 with the point
The coordinate q is fixed under the flow of R. When (qf (q)) ′ ∈ Q the q-level set, which is a 2-torus, is fibrated by R-orbits; while there are no periodic Reeb trajectories if (qf (q)) ′ ∈ Q. So we get infinitely many S 1 -families of R-orbits on the mapping torus
Instead of letting K be a constant we want to choose K so that the resulting Reeb vector field has no periodic trajectories in U φ . Let K = K(q) on U , then K is φ-invariant hence can be thought as a function on U φ that depends only on q. The Reeb vector field is then (
Now consider a smooth function K ∈ C ∞ (Σ) satisfying the following
3. K is a Morse function on Σ \ U , with only one critical point x h which is hyperbolic; |dK| ∼ 0 on Σ \ U ′ .
Moreover, we can extend K over B × D 2 so that on B × D 2 (see (19) and Lemma 3.1) α = q(r)dp + K(r)dθ = Φ * λ ′ , which will ensure that the only Reeb orbits of α on B × D 2 are B m , m ∈ N. Let R = R α denote the corresponding Reeb vector field, then
where X K is the Hamiltonian vector field of K relative to the symplectic 2-form ω = dβ, i. e., dβ(X K , ·) = −dK.
Types of Reeb orbits. The following proposition describes the three types ( Type T, C and B) of Reeb orbits on (M, α):
There are three types of Reeb orbits described as follows:
1. Type T orbits. These orbits come from the σ-Dehn twist and lie in U ′ \ U . They are parametrized by the set 
is indeed the homology class of the corresponding orbits. Similarly the T-orbits in the region (q ′ − , q − ) are parametrized by
. As a result, T-orbits are parametrized by their corresponding homology classes in T + , i.e., by the set S in (22) .
In fact, asr can be arbitrarily close to 0, whenr → 0, all T-orbits are "pushed into" the region q + < q < q ′ + and hence are parametrized by S. Proof. First of all, from Lemma 3.2 one sees that for all m ∈ N, B m is elliptic and its Poincaré return map has no real eigenvalues (assuming c ∈ Q). So B m is always good. Secondly, h m is hyperbolic for all m ∈ N, and both eigenvalues of its Poincaré return map are positive, so h m is good for all m ∈ N.
Finally, prior to a further perturbation of K| (U ′ \U ) φ we have S 1 -families of Type T-orbits indexed by (n, m), and on (
A slight perturbation of K will deform each S 1 -family of γ n/m into a pair of Reeb orbits: e n/m and h n/m . One can show that the Poincar'e return maps of e n/m 's are negative rotations, hence has no real eigenvalues, and the Poincar'e return maps for h n/m 's are hyperbolic with two positive eigenvalues. So e n/m and h n/m are good as well.
Chern class of ξ and contractible orbits. Identify Σ with the page zero Σ × {0} of the mapping torus Σ φ . Let z ∈ Σ \ U be a fixed point of φ
. Let φ # be the map on π 1 (Σ, x) induced by φ. We have the following proposition concerning the topology of Σ φ and M . •
Note that [Γ] = b and [{z} × S 1 t ] = t z generates an abelian subgroup Z × Z of π 1 (Σ φ ), as well as an Z σ × Z subgroup of H 1 (Σ φ ). 
Proof. Apply Van Kampen theorem to
. This can be seen from the following long exact sequence:
Since im(i 2 ) = 0 and j 2 = 0 on
is generated by [t] and [B], and i 1 [t] = 0 in
is an element of infinite order; while 
Contractible Reeb orbits are
• e kσ/m and h kσ/m with k, m ∈ N, 0 < k < m;
• h m , m ∈ N; and
• B m , m ∈ N, provided that σ = 1 (note: B m is only homologously trivial but not contractible if σ > 1).
If n is not divisible by
Moduli of planes and ∂ 2 = 0. Now the set of contractible Reeb orbits is identified. To determine whether or not the cylindrical contact homology is defined, i.e., whether or not ∂ 2 = 0, we need to find all of the nonempty moduli M(γ) with γ contractible and dim M(γ) = 1.
Recall that if γ is homotopically trivial and if c 1 (ξ) = 0 then
So dim M(γ) = 1 implies that γ is hyperbolic. Since B m is elliptic for all m ∈ N we haveμ(B m ) ≡μ(B m , Z 2 ) = 0 mod 2 and hence the following 
. By Propositions 4.1 and 4.3 the existence of C M and hence C ′ implies that [p] kσ = 0 ∈ π 1 (Σ φ ) which is impossible unless mσ divides kσ. By assumption 0 < k < m, mσ does not divide kσ. So C ′ does not exist. M(γ) is empty. Now consider h the simple Type C Reeb orbit. We can find a spanning disc D h for h so that D h ∩ B is a point, ξ D h has only one singularity and it is elliptic. A simple calculation will yield the following
So dim M(h m ) = 1 ⇒ m = 1. One can show that, as the S 1 -invariant case considered in [24] , M(h)/R is in one-one correspondence with the gradient trajectories from the corresponding hyperbolic critical point x h of K to ∂Σ. There are two such trajectories and they are counted with opposite signs.
Hence we have 
Holomorphic cylinders in R × M
To compute the cylindrical contact homology of (M, ξ) we need to find in R × M all 1-dimensional moduli M(γ − , γ + ) of holomorphic cylinders converging to Reeb orbit γ − at −∞ and to Reeb orbit γ + at ∞. First we find all ordered pairs (γ − , γ + ) such that dim M(γ − , γ + ) = 1 if M(γ − , γ + ) = ∅, then we count elements of M(γ − , γ + )/R.
Type B orbits. The homotopy classes of Reeb orbits imply the following Recall thatμ(B m ) is always an even number and can be made arbitrarily large by modifying α. This property together with Lemma 4.4 and Lemma 4.9 shows that B m has eventually no contribution to the boundary operator ∂ of the cylindrical contact homology and hence can be neglected. We will then focus on Type T and C Reeb orbits and assume that γ ± = B m , ∀m ∈ N.
Going upstairs. Let C ∈ M(γ − , γ + ) denote any one of such cylinders. After a 0-surgery along B, C will become a punctured holomorphic sphereĈ ⊂ R ×M with one positive puncture and 1 + s negative punctures, s ≥ 0.
Recall that a 0-surgery along B turns the open book M = (Σ, τ ) into the mapping torusM with B replaced by the orbitê corresponding to the extra elliptic fixed point ofφ ′ on D 2 = T 2 \ Σ; e n/m , h n,m and h m (0 < n < σm, n, m ∈ N) are lifted toM and are now denoted byê n/m ,ĥ n/m andĥ m to distinguish them from their copies in M .
Surely the new holomorphic curveĈ converges toγ + at ∞ and its original negative puncture converges toγ − at −∞. The number s of extra negative punctures is equal to the the number of geometric intersection points (not counting multiplicity) of C with R × B. Each of these punctures converges toê m i at −∞ for some m i ∈ N. In other words,
m i is the intersection multiplicity of C and R×B at the corresponding point.
Definition 4.1 (winding number around B)
. Suppose that γ = h n/m or e n/m or h m . We call the number m the winding number of γ around B, and denote it by wind(γ, B).
We have
Note that γ + and γ − are free homotopic in M .
One dimensional moduli of cylinders. By using the homotopic property of Reeb orbits we can obtain the following Suppose that γ − and γ − are not free homotopic in Σ φ and M(γ − , γ + ) = ∅. Let C ∈ M(γ − , γ + ) be a holomorphic cylinder. Then C ∩ (R × B) = ∅. Since C and R × B are holomorphic of complement dimensions, they intersects positively at every point of intersection. Let C M denote the image of C in M .
Claim: C
M ∩ h = ∅.
Proof of Claim:
Let S be any surface with boundary ∂S = L. Then lk(L, h) = S · h is the algebraic number of intersection points of S with h. lk(L, h) is independent of the choice of the spanning surface S of L (sine h is homologously trivial). In particular,
On the other hand, we can find an embedded spanning disc D of h such that D ∩ B is a single point and OnΣ = T 2 take a nonvanishing vector field Z o and perturb it slightly to get a new vector field Z such that Z has an elliptic singularity at the critical point x e ∈ Crit(K) corresponding toê, a hyperbolic singularity at the saddle point x h ∈ Crit(K) corresponding toĥ, and Z is nonvanishing elsewhere. Since the volume form of Σ =Σ \ D 2 is positive on ξ, Z defines a symplectic trivialization Ψ on M \ (U B ∪ h). Theμ-index of γ = γ ± with respect to Ψ isμ 
Note that |μ Ψ (γ + ) −μ Ψ (γ − )| ≤ 1 and wind(γ + ) − wind(γ − ) ≥ 0. So if dim M(γ − , γ + ) = 1 then one of the followings must be held true:
1. γ + is hyperbolic, γ − is elliptic and wind(γ + , B) = wind(γ − , B).
2. γ + is elliptic, γ − is hyperbolic and wind(γ + , B) = 1 + wind(γ − , B). This settles the denominators (i.e, winding numbers around B) of γ ± .
It is easy to see that γ + = h m , ∀m ∈ N. The difference of the numerators of γ ± is divisible by σ since γ + and γ − are free homotopic. Assume that γ + = e n/m and γ − = h n ′ /(m−1) with n − n ′ = kσ. Note that notationally h (imσ)/m = h m for all i. Then k is the algebraic number of the times that the image C M ⊂ M of C ∈ M(γ − , γ + ) crosses Γ φ . Since C M intersects B only once, we have k = 0 or 1. This completes the proof.
Counting cylinders (up to signs). Let κ n,m := gcd(n, m) denote the greatest common divisor of n and m. Recall that κ γ denotes the multiplicity of the Reeb orbit γ, so 
points. All the corresponding pseudoholomorphic cylinders are immersed surfaces in R × M .
Remark 4.5. It will be proved later that a coherent orientation can be defined so that elements of the same moduli M(h n ′ /(m−1) , e n/m ) have the same orientation.
The rest of this section will be occupied by the proof of Lemma 4.12. We will need Taubes's [21] description on trice-punctured spheres, Bourgeois's [1] Morse-Bott version of curve counting and some arguments brought from Hutchings-Sullivan's paper [15] .
More surgery models ofM =Σφ. Below we describe a more symmetric construction ofM to compare with the contact structure on S 2 × S 1 considered in [21] .
Recall thatΣ = T 2 andφ ∈ Symp(T 2 ,ω). We can chooseω so that ω = dq ∧ dp with respect to some suitable coordinates (q, p) ∈ R/Z × R/Z of T 2 . Then φ is isotopic to ψ ∈ Symp(T 2 ,ω), where
The 2-formω ∈ Ω 2 (T 2 ) canonically extends to a 2-form on T 2 ψ which is also denoted byω. Note that dα ∈ Ω 2 (Σ φ ) extends toω + η ∧ dt on T 2 ψ for some closed 1-form η ∈ Ω 1 (T 2 ).
Here is another way to think ofM = T 2 ψ . Think of S 1 q as the interval [−1, 0] with two endpoints identified. Recall that the q = 0 level is the mapping torus ( [15] we have the identification:
and the equalityω = Ψ * ω Z , ω Z := dq ∧ (dp + σqdt),
Orbits on Z and in T 2 ψ . The vector field X Z := ∂ t − σq∂ p generates the line field ker(ω Z ). Orbits of X Z comes in S 1 -families parametrized by
Notation 4.1. LetΥ n/m denote the S 1 -family of orbits in Z with index (n, m).
The following facts are obvious:
1. The total space ofΥ n/m is a κ n,m -cover of the torus {q = n σm }.
For
3. With the gluing map g in (29) the two setsΥ σm/m andΥ 0/m are identified in T 2 ψ , and S 1 -families of orbits on T 2 ψ are indexed by the set
CompareŜ with S in (22) and one finds thatŜ and S are equal except the extra elements (0, m) ∈Ŝ whose corresponding S 1 -families of orbits will deform to the pair of orbitsĥ m ,ê m under a perturbation.
Trice-punctured spheres in R × Z and in R × T 2 ψ . Recall that in [21] (Thm. A.2) Taubes classified moduli of trice-punctured pseudoholomorphic spheres in the symplectization R × (S 2 × S 1 ) equipped with an almost complex structure associated to a certain contact structure on S 2 × S 1 .
Our manifold Z = ([−1, 0] × S 1 ) × S 1 can be suitably identified with a subset of S 2 × S 1 . Note that with a constant Q > 0 large enough, the 1-form
Then with a suitable embedding of Z into S 2 × S 1 , Taubes's contact 1-form on S 2 × S 1 restricts to α T := e ρ(q) α Z on Z for some ρ ∈ C ∞ (Z) depending only on q. Also, up to a perturbation, α T and α Z have the same set of S 1 -families of Reeb orbits indexed by (30), the ordering of the orbits are preserved, and both orbit sets are invariant under rotations generated by the group S 1 p × S 1 t . An energy inequality by Hutchings-Sullivan (see Sec. 3.3 of [15] ) confirms that trice-punctured spheres converging to orbits in Z stay in R × Z. Thus Taubes's result applies to (Z, α Z ).
Consider the triples (n, m), (n ′ , m ′ ), (n ′′ , m ′′ ) ∈ S Z with (n, m), (n ′ , m ′ ) linearly independent and
Also use the notationŝ
Recall that M(Z;Υ * ,Υ − ;Υ + ) denote the moduli space of trice-punctured spheres in R×Z with one positive end converging to an element ofΥ + , one negative end converging to an element ofΥ − , and one negative end converging to an element ofΥ * . Counting in the Morse-Bott way. Upon a perturbation using a suitable Morse function f (see [1] ), each S 1 -family of orbits deforms to a pair of orbits: one elliptic and one hyperbolic. Letê * ,ê − ,ê + ,ĥ * ,ĥ − ,ĥ + denote the elliptic and hyperbolic elements ofΥ * ,Υ − ,Υ + respectively.
We are interested in counting elements of 0-dimensional moduli of the type M(Z;ê * ,ĥ − ;ê + )/R. We find that the image class [ev(M/R)] ∈ H 2 (Υ * −+ , Z) is equal to
for some a, b, c ∈ N. 
An energy estimate
Now we are back to the contact 3-manifold (M, ξ). In the following we will derive an energy estimate which will help describe the signs of coefficients of the boundary operator ∂ (see Lemma 4.14 in Section 4.5). Let γ = γ n/m be an unperturbed Type T Reeb orbit with 0 < n < σm.
Note that α pullbacks to a closed 1-form on T 2 q ∼ = T 2 that depends only on q. Thus for any closed curve γ ′ ⊂ T 2 q , the integral γ ′ α depends only on the homology class of γ ′ . Consider the following homotopy of curves including γ:
Differentiating A γ with respect to q we have
Note that K q (q o ) = −n m and K is a strictly decreasing function of q. 
Orientation
Let J be an α-admissible almost complex structure on W := R × M and letũ ∈ M(γ − , γ + ) be a pseudoholomorphic map.ũ : R × S 1 → W . Let (s, τ ) ∈ R × S 1 , s + iτ be the complex coordinate.ũ satisfies the d-bar equation∂ũ :=ũ s + Jũ τ .
Assume from now on thatũ is an immersion. Then there are two ways of splittingũ * T W into a direct sum of two trivial J-complex line bundles:
where 
Trivializeũ * T W = T ⊕ N by the frame {∂ s , ∂ τ , ν, Jν} with ν, Jν ∈ N . Then Dη = η s + Jη t + S(s, τ )η, where S(s, τ ) ∈ R 4×4 is of the block form
with each block a 2 × 2 matrix. Note that
Since S 2 is symmetric at s = ±∞, modulo some compact perturbation, we may as well assume that S 1 = O and S 2 is symmetric for all s and τ .
Since Dũ is surjective, Ind(Dũ) = dim ker(Dũ) = dim M(γ − , γ + ), which is the number of positive eigenvalues of L(−∞, ·), counted with multiplicity, flow to negative eigenvalues of L(∞, ·). Note that L T is static, i.e., independent of s, so the focus is on L N . For each s, L N (s, ·) is a perturbation of the operator −i d dτ by a 2 × 2 symmetric matrix S 2 (s, ·). With a trivialization {ν, Jν} of N fixed, following [13] one can define the winding number of an eigenvector field of L N (±∞, ·) along γ ± (relative to a trivialization of the normal bundle). We have the following properties from [13] .
• For each s the multiplicity of an eigenvalue of L N (s, ·) is at most 2.
• For each k ∈ Z and for each s there are precisely two (not necessarily distinct) eigenvalues λ A coherent orientation of the moduli space is a choice of an orientation of the determinant bundle det(Dũ) = (Λ max ker(Dũ)) ⊗ (Λ max coker(Dũ)) * for allũ ∈ M(γ − , γ + ) and all γ ± , such that these orientations match well under gluing operation (see [9] [8] [4] ). In the context of contact homology theory and symplectic field theory, coherent orientations always exist and may not be unique.
Recall that 0-dimensional moduli spaces must be of the form M(γ, γ) and each of such moduli space consists of a single element whose image is R × γ. Forũ ∈ M(γ, γ), ker(Dũ) = {0} = coker(Dũ), det(Dũ) = 1 ⊗ 1 * has a natural orientation.
Note that for each Reeb orbit γ, the almost complex structure on ξ induces a complex orientation on Γ(γ,
has no eigenvalue equal to 0, Γ(γ, ξ γ ) can be written as a direct sum of two infinite dimensional vector spaces
where V − (γ) (resp. V + (γ)) is spanned by all negative (resp. positive) eigenvector fields of L γ .
Givenũ ∈ M(γ − , γ + ), then the restriction of ker Dũ to γ is a subspace E of V + (γ − ), such that V − (γ) ⊕ E is identified with V − (γ + ) via the spectral flow. Certainly E is sent by the flow to the restriction of ker Dũ to γ + , a subspace of V − (γ + ).
We apply the above discussion to our case here. Recall Proposition 4.4, Lemma 4.12 and Lemma 4.15. We need to better understand the signs of terms in ∂e n/m to determine the boundary operator ∂.
Let γ be h m or a Type T Reeb orbit of either the unperturbed case (γ = γ n/m ) or the perturbed case (γ = e n/m or h n/m ). γ is the s th iterate of a simple Reeb orbit denoted by γ ′ . A tubular neighborhood of γ ′ is diffeomorphic to S 1 × D 2 , with γ ′ identified with S 1 × {0}. Here we identify S 1 with R/a ′ Z where a ′ = A(γ ′ ) = γ ′ α is the action of γ ′ . Let J denote an admissible almost complex structure. We may assume that J| γ ′ = 0 −1 1 0 with respect to the ordered basis
Consider the differential operator
is a two dimensional vector space with an almost complex structure (hence is oriented) induced by J. A winding number (relative to the trivialization v 1 , v 2 ) around γ is defined for each eigenvector field of L o . Two eigenvector field have the same winding number iff they belong to the same eigenspace V λ (L 0 ). In particular, the 0-eigenspace V 0 (L 0 ) is spanned by two linearly independent eigenvector fields (i.e., v 1 and v 2 ) of winding number 0.
(b) Another degenerated case.
Recall (23) and consider the operator
L corresponds to the case where Type T Reeb orbits appear in
The winding numbers of eigenvector fields around γ are unchanged under this homotopy in the sense that two eigenvector fields of L t belong to distinct eigenvalues of L t if their winding numbers around γ are distinct. Thus the orientation of V λ (L 0 ) is transported along the homotopy to induce an orientation of the 2-dimensional vector space spanned by linearly independent eigenvector fields of L with the same winding number around γ. We focus on the eigenvector fields of L wit winding number 0. An easy computation shows that v 1 = ∂ q and v 2 = ∂ t − q K ∂ t are two eigenvector fields with winding number 0, Span(
So up to homotopy the perturbation term DR has the effect of splitting V 0 (L 0 ) into a direct sum of a 1-dimensional vector space with positive eigenvalue and a 1-dimensional vector space with eigenvalue 0.
Recall that a further deformation will turn the S 1 -families of Reeb orbits into pairs e n/m , h n/m . From the discussion following (23) 
are endowed with induced orientations as described earlier.
(d) The hyperbolic case. Now suppose that γ is hyperbolic. Then V 0 (L 0 ) is deformed to a direct sum of two 1-dimensional eigenspaces
of L γ , where ǫ + (resp. ǫ − ) is a the smallest positive eigenvalue (resp. the largest negative eigenvalue) of L γ ;ṽ k is homotopic to v k for k = 1, 2. Moreover,
to determine an orientation for each of V ± (L γ ) we still need to choose an orientation for each of V ǫ ± (L γ ) so that the combined orientation is consistent with the complex orientation. There are two choices:
It can be seen later that the vanishing of ∂ 2 and, up to an isomorphism the resulting cylindrical contact homology are independent of the choices of o(V ǫ ± (L γ )). Here we just make a choice for all γ = h n/m , h m but we do not specify the choices as it will not hinder the computation of HC(M, ξ).
Let ∂ * denote the dual operator of ∂ the boundary operator of cylindrical contact complex so that ∂γ + , γ − = γ + , ∂ * γ − . Proof. The only part that needs to be verified is the equality c − c + = −1.
We will prove the second formula. The proof for h m−1 is similar (using h m−1 = h 0/(m−1) = h σ(m−1)/(m−1) ) and will be omitted. Apply the action estimate Lemma 4.13 form Section 4.4 to the unperturbed case at first, i.e., the case of which Type T Reeb orbits come in S 1 -families indexed by (n, m). Let Υ n/m denote the S 1 -family of Reeb orbits indexed by (n, m) and let M(Υ n/(m−1) , Υ n ′ /m ), n ′ = n or n + σ, denote the moduli of pseudoholomorphic cylinders that converge to some element γ n/(m−1) ∈ Υ n/(m−1) at −∞, and to some element γ ′ n ′ /m ∈ Υ n ′ /m at ∞. Let C M ⊂ be the image in M of someũ = (a, u) ∈ M(Υ n/(m−1) , Υ n ′ /m ). Assume at first that n ′ = n. Then 
On the other hand, if n ′ = n + σ then n ′ m > n m−1 (recall that n < (m − 1)σ), (n ′ , m) = (σ, 1) + (n, m − 1). C M has to cross Γ φ . By applying argument similar to the one in the case n ′ = n we find that ifũ = (a, u) ∈ M(h n/(m−1) , e (n+σ)/m ) then u s (−∞, ·) is a negative multiple ofṽ 1 2. ∂h n/m = 0 for n, m ∈ N, 0 < n < σm;
3. ∂e n/1 = 0 for n ∈ N , 0 < n < σ; 
Computing HC(M, ξ)
Let H denote the subcomplex generated by all hyperbolic Reeb orbits, and E the subcomplex generated by all elliptic Reeb orbits (including no B m ).
The lemma below follows from Lemma 4.15. Suppose that n o < σ, then ∂e no/m is a nonzero rational multiple of h no/(m−1) which can be cancelled only by adding a certain rational multiple of ∂e (no+σ)/m , which again generates a nonzero rational multiple of h (no+σ)/m that can be cancelled only by adding a certain rational multiple of ∂e (no+2σ)/m , and so on so forth. This process actually yields E m,i as defined in Definition 4.2. So E ′ i,m = c i,m E i,m for i = 1, ..., σ − 1. Similar arguments also apply to the case n o = σ and we have E ′ 0,m = c σ,m E 0,m . This completes the proof.
